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Definitions	&	Framework

Baptiste	Lambert	(IMB	– INRIA	BSO) Modelling	and	Numerical	Simulations	of	Contacts	in	Particle-Laden	Flow 5/	18	02/10/2017

Numerical	Simulation:	VP	Method	- DEM

𝑃"

𝑃#

Volume	Penalization	Method	 (VP):	

Particle	dynamics:	
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Numerical	Simulation:	VP	Method	- DEM

𝑃"

𝑃#

Volume	Penalization	Method	 (VP):	

Particle	dynamics:	

The	hydrodynamic	 forces:	



Definitions	&	Framework

Lubrication	Effects	

Shear	motion Squeeze	motion

Particle	dynamics:	
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Lubrication	refers	to	the	singular	component	of	the	hydrodynamic forces	(and	
torques)	 induces	by	the	presence	of	a	nearby	obstacle.	



Definitions	&	Framework

State	of	the	Art		

𝑃#

𝑃"
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àMesh	refinement:
• No	modelling
• Computation	cost

No	lubrication	correction:	
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State	of	the	Art		

𝑃#

𝑃"
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àMesh	refinement:
• No	modelling
• Computation	cost

No	lubrication	correction:	

With	lubrication	correction:	

à Correction	via	tabulation:	
Gallier et.	al.	(2013)

à Correction	via	analytical	solutions:	
Izard	et.	al.	(2014),	Nguyen	et.	al.	(2007),	 Jenkins	 (2005),	…

• Low	computation	cost
• Stokes	 regime	and/or	limited	to	spherical	particles	
• No	correction	of	many	body	interactions



The	Local	Lubrication	Correction	Model

Definitions	and	Framework

Some	Numerical	Results
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LLCM

The	LLCM:	Objectives	and	Concept
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Objectives:	

à Compatible	with	Navier-Stokes	flows

à Particle	geometry	 free	
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LLCM Squeeze	Motion

Squeezing	Lubrication	Force

Type	
equation	here.

𝑎

r

z

𝑈#
𝑎𝜖

Stokes	flow:	

Axisymmetric	flow:

𝑆"

𝛽 > 0

Reference:	
Stimson	 et.	al.	(1926) Jeffrey	(1982)	

Lubrication	force:

Lubrication	force	in	the	“inner”	region:
𝛽𝑎

𝑆#

0 < 𝜖 ≪ 1
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LLCM

Summary:	the	LLCM

Main	hypothesis:

à Stokes	regime	within	the	gap

à Flow	and	geometry	symmetries	

Leading	order	of	forces	and	moment:
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Some	Numerical	Results

The	Local	Lubrication	Correction	Model

Conclusion
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Some	Numerical	Results	

Falling	Particle:	Description

Reference:	Harada	et.	al. (2001)

4𝑑

4𝑑

4𝑑

Harada	Model	(Model	H):	
Lubrication	force	 Added-mass	force	 Basset	history	force	++

Basic	Lubrication	Correction	Model	(BLCM):	
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40

40

Some	Numerical	Results	

Falling	Particle:	Velocity	Profile

Reference:	Harada	et.	al. (2001)
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Some	Numerical	Results	

Falling	Particle:	Impact	with	rebound

Reference:	Joseph	et.	al. (2001)

40

40

Normal	coefficient	of	restitution:
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Some	Numerical	Results	

Oblique	Incidence:	Description

Reference:	Joseph	et.	al. (2004)
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y

x

𝑼#@
𝑼ABC

𝛽#@

𝛽ABC



Some	Numerical	Results	

Oblique	Incidence:	Results

Reference:	Joseph	et.	al. (2004)
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Dry	Collision Wet	Collision

Fluid:	Air Fluid:	Water
𝑼#@

𝑼ABC

𝑽E,#@ G 𝒆I

𝑽E,#@ G 𝒆J

𝑽E,ABC G 𝒆I

𝑽E,ABC G 𝒆J



Some	Numerical	Results	

Oblique	Incidence:	Results

Reference:	Joseph	et.	al. (2004)
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Dry	Collision Wet	Collision

𝑼#@
𝑼ABC

𝑽E

Fluid:	Air Fluid:	Water



Conclusion

Conclusion
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Local	Lubrication	Correction	Model:	

• Compatible	with	incompressible	Navier Stokes	flows	

• Geometry	 independent	 correction	

Limitations:	

• No	correction	of	the	many	body	interactions	

• No	correction	of	fluid	 inertia	in	the	gap	



Conclusion

Outlooks
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• Generalization	of	the	method	 to	non-spherical	particles

• Shear	thickening	of	dense	particle	laden	flow	

Side	View From	the	ground
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Thank	you	for	your	attention

Any	questions?
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Definitions	&	Framework

State	of	the	Art		

𝑃#

𝑃"
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àMesh	refinement:

• No	modelling
• Computation	cost



Definitions	&	Framework

State	of	the	Art		

𝑃#

𝑃"

àMesh	refinement:

• No	modelling
• Computation	cost

à Correction	of	the	
hydrodynamic	 forces

• Low	computation	cost
• Lubrication	model	
• No	many	body	interactions

• Tabulation:		

• Analytic	correction:		

Gallier et.	al.	(2013)

Izard	et.	al.	(2014),	Nguyen	et.	al.	(2007),	 Jenkins	 (2005),	…
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Definitions	&	Framework

State	of	the	Art		

𝑃#

𝑃"

àMesh	refinement:

• No	modelling
• Computation	cost

à Correction	of	the	
hydrodynamic	 forces

• Low	computation	cost
• Lubrication	model	
• No	many	body	interactions

à Correction	of	the	flow

• Many	body	interactions
• No	modelling
• Only	for	Stokes	 flow
• Off-line	tabulation

Lefebvre-Lepot et.	al.	(2015)	
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The	Local	Lubrication	Correction	Model

Definitions	and	Framework

Some	Numerical	Results
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LLCM Shear	Motion

Shearing	Lubrication	Force	and	Moment
z

𝛽 > 0

Reference:	
O’Neill	 (1967) Cooley	 et.	al.	(1968)	

0 < 𝜀 ≪ 1

Stokes	flow:	

Type	
equation	here.

𝑎

x

z

𝑈#

𝑎𝜖

𝑆"

𝛽𝑎

𝑆#

Solution:	

Lubrication	force	and	moment:	
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The	Lubrication	Theory Squeeze	Motion

Inner	and	Outer	Solution	Matching

How	to	characterized	the	lubrication	region?	(𝑅M?)

Two	options:

à Asymptotic	analysis

r

z

𝜓ABC

𝜓#@
𝑅Mà Curve	fitting

Reference:	Kim	et.	al.	(1991)	

See:	O’Neill	et.	al.	(1967)	

Lubrication	force	on	the	particle	surface:
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Collision	Model

The	Local	Lubrication	Correction	Model

Some	Numerical	Results
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Collision	Model

Introduction

Squeeze	lubrication	forces:
𝑶

𝟏
𝝐

In	Stokes	regime,	collision	are	impossible	

However:

à Need	to	model	particle	deformations

à Collision	model	insure	numerical	stability	

𝑡 = 𝑡@𝑡 = 𝑡@ + ∆𝑡
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Collision	Model

Particle-Wall	Interaction	Sequence

𝜖

𝑂

No	interaction

Interaction	Resolved

Lubrication	Modelled

Collision
𝜖WBX

𝜖YAW

𝜖#@C
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Collision	Model

The	Soft	Sphere	Contact	Model

Reference:	Costa	et.	al. (2015)

Linear	spring-dashpot	system	with	Coulomb-like	threshold

Distances	of	overlap:	

Stiffness	and	damping	coefficient:	
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Numerical	Resolution

Collision	Model

Some	numerical	results
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Numerical	Resolution

Scalar	Projection	Method	

Estimation	 of	
∆𝑡

Prediction

Correction

∆𝑡

Repeat:	
“𝑛 ← 𝑛 + 1”

Penalization

Baptiste	Lambert	(IMB	– INRIA	BSO) Modelling	and	Numerical	Simulations	of	Contacts	in	Particle-Laden	Flow 19/	3003/27/2017



Numerical	Resolution

Particle	Dynamics	

Compute	
hydrodynamics

Yes
No Compute	

collisions

Move	particles	
to	𝑚 +1

Set	
𝑚 ← 𝑚 + 1

∆𝑡

Correction

Penalization

Test:	
“𝑚 = 𝑛 + 1”
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Numerical	Resolution

Summary:	Numerical	Resolution	

Test:	
“𝑚 = 𝑛 + 1”

Compute	
hydrodynamics

Compute	
collisions

Move	particles	
to	𝑚 +1

Set	
𝑚 ← 𝑚 + 1

Yes
No

𝛿𝑡∆𝑡

Repeat:	
“𝑛 ← 𝑛 + 1”

Estimation	 of	
∆𝑡

Prediction

Correction

Penalization
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Some	Numerical	Results

The	Local	Lubrication	Correction	Model

Conclusion
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Some	Numerical	Results	

Falling	Particle:	Velocity	Profile

Reference:	Harada	et.	al. (2001)
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Some	Numerical	Results	

Falling	Particle:	Grid	Sensitivity	

1/h

1/h

Reference:	Harada	et.	al. (2001)
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Some	Numerical	Results	

Falling	Particle:	Sensitivity	to	the	Lubrication	Parameter

Reference:	Harada	et.	al. (2001)
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Dam	Breaking:	Accuracy…

Some	Numerical	Results	

15

15
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